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Abstract
Rasmussen introduced a knot invariant based on Khovanov homology theory, and showed that this invariant
estimates the four-genus of knots. We compare his result with the sharper slice-Bennequin inequality for knots.
Then we obtain a similar estimate of the Rasmussen invariant for this inequality.
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1. Introduction
Rasmussen introduced a new invariant for knots in the 3-sphere S3 in [12] using the Khovanov
homology developed by Khovanov [5] and Lee [8]. This invariant s takes values in even integers. We
call s(K ) the Rasmussen invariant of a knot K . The following properties hold for this invariant.
Theorem 1.1 ([12], Cf. [17]). Let K be a knot in the three-sphere S3.
1. The Rasmussen invariant gives a lower bound on the four-genus g∗(K ) for a knot K , that is
|s(K )| ≤ 2g∗(K ).
2. The Rasmussen invariant induces a homomorphism from Conc(S3), the concordance group of knots
in S3, to Z. In particular, we have s(K !) = −s(K ), where K ! is the mirror image of a knot K .
3. If K can be represented by a positive diagram D, then
s(K ) = 2g∗(K ) = 2g(K ) = x(D)− O(D)+ 1, (1)
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Fig. 1. A link diagram and Seifert circles.
where x(D) and O(D) are the number of crossings and the Seifert circle of D respectively, and g(K )
is the ordinary genus of K .
The main purpose of this article is to compare the above lower bound on the four-genus and
the equality (1) with the sharper slice-Bennequin inequality and the sharper Bennequin unknotting
inequality. In [15], Rudolph announced the sharper slice-Bennequin inequality by way of the works of
Kronheimer and Mrowka [6,7]. In [3], the author restated and completely proved it, and also established
the sharper Bennequin unknotting inequality.
We recall these inequalities. The gordian number (or unknotting number) u(L) of an r -component link
L is the minimum number of crossing changes needed to create a trivial link with r components. The
four-dimensional clasp number cs(L) of L is the minimum number of double points for transversely
immersed r disks in B4, with boundary L and with only finite double points as singularities [3]. Let
F ⊂ B4 be a smooth, oriented 2-manifold with ∂F = L and without closed components, where B4 is
the 4-ball bounded by S3. We denote by χs(L) the greatest value of the Euler characteristic χ(F) for
such 2-manifolds F ⊂ B4, and we call this invariant the slice Euler characteristic.
Let K be a knot in S3, and let DK be a diagram of K . We denote by x+(DK ) and x−(DK )
the number of positive and negative crossings of DK respectively. The writhe of DK is w(DK ) =
x+(DK )− x−(DK ).
We apply the Seifert algorithm to DK . A Seifert circle is a strongly negative circle if it is adjacent to at
least two negative crossings, but not adjacent to any positive crossings. A Seifert circle is a non-negative
circle if it is not a strongly negative circle. We denote by O<(DK ) and O≥(DK ) the numbers of strongly
negative circles and non-negative circles, respectively.
For example, the trivial diagram of a trivial knot has a non-negative circle. The blackboard diagram
of a (−1)-framed trivial knot, that is, the knot diagram with a single negative crossing, but no positive
crossings, has two non-negative circles. The knot diagram on the left of Fig. 1 has three Seifert circles,
as illustrated on the right. The top circle is strongly negative and the concentric circles at the bottom are
non-negative.
Proposition 1.2 ([3,15]). For any r-component link L and its diagram DL , the following inequalities
hold:
1. (the sharper slice-Bennequin inequality [15])
χs(L) ≤ O≥(DL)− O<(DL)− w(DL),
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and furthermore, if L is a knot K ,
2g∗(K ) ≥ w(DK )− (O≥(DK )− O<(DK ))+ 1;
2. (the sharper Bennequin unknotting inequality [3])
u(L) ≥ cs(L) ≥ 12{w(DL)− (O≥(DL)− O<(DL))+ r}.
In this article, we show that ‘the sharper Bennequin inequality on the Rasmussen invariants’ exists for
knots, a generalization of the Eq. (1):
Theorem 1.3. Let K be a knot in S3 and DK be a diagram of K . If there exists at least one non-negative
circle of DK , then the following inequality holds:
s(K ) ≥ w(DK )− (O≥(DK )− O<(DK ))+ 1.
We note that this inequality does not hold for negative diagrams. By Theorems 1.1 and 1.3, we obtain
a combinatorial proof of Proposition 1.2 for knots.
Furthermore we obtain an alternative proof of the following result, which was proved by
Shumakovitch [17] and Plamenevskaya [11] independently.
Proposition 1.4 ([11,17]). For any knot K and its diagram DK , we have
s(K ) ≥ w(DK )− O(DK )+ 1.
As Shumakovitch remarked, this result gave a combinatorial proof of the slice-Bennequin inequality
for knots introduced by Rudolph [14]:
2g∗(K ) ≥ w(DK )− O(DK )+ 1.
In Section 5, by almost the same argument as that for the Rasmussen invariant, we establish
the ‘sharper Bennequin inequality’ on some other knot concordance invariants, especially the
Ozsva´th–Szabo´ invariant based on the knot Floer homology.
2. The Rasmussen invariants and cobordisms between knots
In this section, we briefly recall the work of Rasmussen [12], on Khovanov’s homology theory, which
is used in the proof of Theorem 1.3. We omit the detailed explanations.
The construction of the Rasmussen invariant is based on a spectral sequence structure on the
Khovanov chain complex due to Lee [8]. Roughly speaking, the Khovanov chain complex can be
regarded as the vector space spanned by the set of Kauffmann states, where each circle is assigned a
plus or minus sign. The homology defined from the spectral sequence is a link invariant. We denote such
a homology for a link L by HLee(L). We denote by qmax(L) and qmin(L), respectively, the maximum
and minimum number of the filtration grading q(x) for a non-zero element x ∈ HLee(L).1
1 In [12], Rasmussen denoted the filtration grading of x ∈ HLee(L) by s(x), and denoted the maximum and minimum number
of s(x) by smax(L) and smin(L) respectively.
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Proposition 2.1 ([12]). For any knot K the following equality holds:
qmax(K ) = qmin(K )+ 2.
Definition 2.2 ([12]). The Rasmussen invariant (or Khovanov s-invariant) s(K ) for a knot K is defined
as follows:
s(K ) = qmax(K )− 1 = qmin(K )+ 1.
Let L0 and L1 be oriented links in S3. An oriented cobordism from L0 to L1 is a smooth, oriented,
compact, properly embedded surface S ⊂ S3 × [0, 1], with S ∩ (S3 × {i}) = L i . In [12], Rasmussen
induced a homomorphism φS : HLee(L0) → HLee(L1) for the cobordism S. The homomorphism φS
is a filtered map of degree χ(S), where χ(S) is the Euler characteristic of S. In other words, we have
q(x)+ χ(S) ≤ q(φS(x)) for any x ∈ HLee(L0).
Proposition 2.3 ([12]). If S is a connected cobordism between knots K0 and K1, then φS is an
isomorphism.
We use the following inequality in the proof of Theorem 1.3.
Corollary 2.4. If S is a connected cobordism between knots K0 and K1, then we have s(K0)+ χ(S) ≤
s(K1).
Proof. We use almost the same argument as that in the proof of the inequality 2g∗(K ) ≥ |s(K )| given
by Rasmussen [12]. We choose x ∈ HLee(K0) which satisfies x 6= 0 and q(x) = qmax(K0). The map φS
is a filtered map with degree χ(S), so we have q(x)+χ(S) ≤ q(φS(x)). By Proposition 2.3, φS(x) is not
zero, so we have q(φS(x)) ≤ qmax(K1). Hence we obtain the inequality qmax(K0)+ χ(S) ≤ qmax(K1),
which implies that s(K0)+ χ(S) ≤ s(K1). 
Remark 2.5. Actually, Theorem 1.1 implies Corollary 2.4, as explained in the proof of Lemma 5.2 in
Section 5.
3. Relation with the sharper slice-Bennequin inequality
3.1. Proof of Theorem 1.3
In the proof of Theorem 1.3, we use almost the same argument as that due to Rudolph for the sharper
slice-Bennequin inequality, where he constructed a cobordism from a given link to a certain positive
link [15] (cf. [3]).
We orient a given K and its diagram DK . For the knot diagram DK , we eliminate all negative crossings
in the same manner as in the Seifert algorithm, and remove all strongly negative circles. We denote the
obtained diagram by D+K , and the represented link by L(D
+
K ). We note that D
+
K might not represent a
knot. We denote the disjoint component of D+K by D1, . . . , Dk , that is D
+
K = D1 unionsq · · · unionsq Dk . Each D j
represents a non-splittable positive link L(D j ). Let r j be the number of components of L(D j ).
From D j , we construct a new diagram DK j of a positive knot K j as follows. We connect all
components of L(D j ) by r j − 1 bands, such that each band lies near a positive crossing between two
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Fig. 2. The fusion from L(DK ) to K+.
Fig. 3. The transformation from K = 62! to K+.
different components, as illustrated in Fig. 2(a). By fusion along these r j − 1 bands, we obtain a knot
K j with a positive diagram DK j .
We obtain a new diagram D′K = DK1 unionsq· · ·unionsqDKk of the split sum of knots K1unionsq· · ·unionsqKk . We construct
D(K+), a diagram of a positive knot K+ from D′K , as follows. We connect K1, . . . , Kk by k − 1 bands
such that each band lies as illustrated in Fig. 2(b) or (c). By fusion along these k − 1 bands, we obtain a
knot K+ with a positive diagram D(K+).
Fig. 3 gives a triple of DK , D+K , and D′K = D(K+). In this case, the link diagram D′K represents a
knot, so it becomes D(K+).
Fig. 4 gives a triple of DK , D+K = D′K , and D(K+). In this case, the link diagram D+K is a split sum
of knot diagrams, so it becomes D′K .
By the above argument, there exists a cobordism S1 from K+ to L(D+K ) with χ(S1) =
∑k
j=1(1− r j )
+ 1− k = 1−∑kj=1 r j . We note that D(K+) is same as D+K and χ(S1) = 0 if D+K is a knot diagram.
We construct a cobordism from L(D+K ) to K by an argument similar to that of Rudolph [15] as
follows. We apply the Seifert algorithm to DK and D+K in order to obtain the Seifert surfaces SK
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Fig. 4. The transformation from K = 31!#31#31! to K+.
and S+K respectively. We may assume that L(D
+
K ) and S
+
K are included in the interior of SK . We
lift SK − S+K to a cobordism from L(D+K ) to K , and denote it by S2. By this construction, we have
χ(SK ) = O(DK ) − x(DK ) and χ(S+K ) = O(D+K ) − x(D+K ) = O≥(DK ) − x+(DK ). Then we obtain
χ(S2) = χ(SK )− χ(S+K ) = O<(DK )− x−(DK ).
Let S be the sum S1 ∪L(D+K ) S2. The surface S becomes an oriented cobordism from K
+ to K . By
Corollary 2.4, we obtain
s(K+)+ χ(S) ≤ s(K ).
By the equality (1) in Theorem 1.1, we have
s(K+) = x(D(K+))− O(D(K+))+ 1,
since D(K+) is positive. Each of the fusions (a) and (b) of Fig. 2 increases the number of positive
crossings by the same number as there are fusion bands, and preserves the number of Seifert circles.
The fusion (c) preserves the number of positive crossings, and decreases the number of Seifert circles by
same number as there are fusion bands. Hence we have




r j − 1
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The Euler characteristic of S is


















and hence we have the desired inequality,
w(DK )− (O≥(DK )− O<(DK ))+ 1 ≤ s(K ).
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3.2. Various Bennequin inequalities
For a knot diagram without non-negative circles, the Rasmussen invariant is determined as follows,
though we cannot apply Theorem 1.3 immediately.
Lemma 3.1. Let K be a knot and DK be a knot diagram of K . We suppose that all crossings of DK are
negative. Then we have:
−s(K ) = 2g∗(K ) = 2g(K ) = x(DK )− O(DK )+ 1.
Proof. The mirror image of DK is positive, so we have s(K !) = 2g∗(K !) = 2g(K !) = x(DK !) −
O(DK !) + 1 by applying the equality (1) to DK !. Therefore, we obtain the desired equality, since we
have g(K !) = g(K ), g∗(K !) = g∗(K ), and s(K !) = −s(K ) by Theorem 1.1. 
Theorem 1.3 and the above lemma give an alternative proof of the inequalities in Proposition 1.2 as
follows.
Proof of Proposition 1.2 for knots. If DK has at least one non-negative circle, by Theorem 1.3 and by
the inequality 2g∗ ≥ |s| in Theorem 1.1, we obtain
2g∗(K ) ≥ |s(K )| ≥ s(K ) ≥ w(DK )− (O≥(DK )− O<(DK ))+ 1.
If DK has no non-negative circle, then all crossings of DK are negative. Hence by Lemma 3.1, we
have 2g∗(K ) = x(DK ) − O(DK ) + 1. Each Seifert circle of DK is adjacent to at least two (negative)
crossings, so we have x(DK ) ≥ O(DK ). Hence x(DK ) − O(DK ) ≥ O(DK ) − x(DK ) holds. By
x(DK ) = x−(DK ) and O(DK ) = O<(DK ), we obtain
2g∗(K ) ≥ (0− x−(DK ))− (0− O<(DK ))+ 1,
and hence the sharper slice-Bennequin inequality holds.
The author showed in [3] that the inequality
u(L) ≥ cs(L) ≥ 12(r − χs(L))
holds for any oriented r -component link L . It implies that u(K ) ≥ cs(K ) ≥ g∗(K ) for any knot K .
Then we obtain the sharper Bennequin unknotting inequality on knots from the sharper slice-Bennequin
inequality. 
Remark 3.2. Let L be an oriented link with r components. We note that the equality 2g∗(L) = 1−χs(L)
holds for knots, but it does not hold in general. We have 2− r − χs(L) ≤ 2g∗(L) ≤ r − χs(L) for any
link L , as remarked in [4]. The 2-manifold F in the definition of χs(L) is not assumed to be connected,
so the equality 2− r − χs(L) = 2g∗(L) does not hold in general.
Using Theorem 1.3, Proposition 1.4 is proved as follows.
Proof of Proposition 1.4. If DK has at least one non-negative circle, Theorem 1.3 implies
s(K ) ≥ w(DK )− O(DK )+ 1,
since O(DK ) ≥ O≥(DK )− O<(DK ).
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Fig. 5. A knot 1051 and its Seifert circles.
If DK does not have non-negative circles, we have s(K ) = w(DK )+O(DK )−1 by Lemma 3.1. The
number of Seifert circles of DK is not less than 1, so we have O(DK )− 1 ≥ −O(DK )+ 1. Hence the
desired inequality also holds for a knot diagram without non-negative circles. 
Remark 3.3. By Theorem 1.1 and Proposition 1.4, Shumakovitch [17] showed that the inequality
2g∗(K ) ≥ w(DK )− O(DK )+ 1
holds for any knot K , and its diagram DK . In [14], by the argument due to Kronheimer and Mrowka
based on the gauge theory [6,7], Rudolph established the slice-Bennequin inequality for oriented links:
χs(L) ≤ O(DL)− w(DL).
4. An example of the computation
Example 4.1. Let K be a knot 1051 and DK be the diagram illustrated on the table of Rolfsen [13] as
Fig. 5. We compute s(1051) using Theorem 1.3, though it has been already determined [1].
The diagram DK has four non-negative circles, one strongly negative circle, seven positive crossings,
and three negative crossings, as illustrated on the right of Fig. 5. Then we have
s(K ) ≥ (7− 3)− (4− 1)+ 1 = 2.
The mirror image DK ! of DK has two non-negative circles, three strongly negative circles, three
positive crossings, and seven negative crossings. Then we have
s(K !) ≥ (3− 7)− (2− 3)+ 1 = −2,
hence s(K ) = −s(K !) ≤ 2.
Therefore we obtain s(1051) = 2.
Remark 4.2. The four-genus had been unknown only for the knot 1051 among all prime knots with at
most 10 crossings [16]. According to [1], Durusoy found a single crossing change that converts 1051 into
the slice knot 88, and proved g∗(1051) = 1. The author noticed this result after the first submission.
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5. The sharper Bennequin inequality on other invariants
The argument in the proof of Theorem 1.3 implies the following property.
Theorem 5.1. Let f be an integer valued knot invariant, and suppose that the following conditions hold:
1. The inequality | f (K )| ≤ 2g∗(K ) holds for any knot K ;
2. The invariant f induces a homomorphism from Conc(S3) to Z;
3. If K can be represented by a positive diagram D, then we have
f (K ) = 2g∗(K ) = 2g(K ) = x(D)− O(D)+ 1.
Then, for any knot K and its diagram DK with O≥(DK ) ≥ 1, we have
f (K ) ≥ w(DK )− (O≥(DK )− O<(DK ))+ 1.
In the proof, we use the following lemma, which implies Corollary 2.4.
Lemma 5.2. If an integer-valued knot invariant f satisfies the first and the second conditions in
Theorem 5.1, then the inequality f (K0)+χ(S) ≤ f (K1) holds for any connected cobordism S between
knots K0 and K1.
Proof. The connected sum of K0 and K1! bounds a connected oriented surface in the four-ball, whose
genus is equal to g(S). By the first condition, we have
f (K0#(K1!)) ≤ 2g∗(K0#(K1!)) ≤ 2g(S) = −χ(S).
By the second condition, we have f (K0#(K1!)) = f (K0) − f (K1). Therefore we obtain the desired
inequality. 
Proof of Theorem 5.1. The argument is same as that in the proof of Theorem 1.3, where s is replaced
with f . We use Lemma 5.2 instead of Corollary 2.4. 
In [10], Ozsva´th and Szabo´ defined a knot invariant τ using their theory of knot Floer homology. As
Rasmussen commented in [12], 2τ satisfies the conditions 1–3 in Theorem 5.1, which were shown by
Ozsva´th and Szabo´ [10] and Livingston [9].
Applying Theorem 5.1 to the invariant τ , we obtain the following result.
Theorem 5.3. For any knot K and its diagram DK with O≥(DK ) ≥ 1, the following inequality holds:
τ(K ) ≥ 1
2
{w(DK )− (O≥(DK )− O<(DK ))+ 1}. 
In [12], Rasmussen conjectured that the equality s(K ) = 2τ(K ) holds for any knot K . The above
theorem does not contradict his conjecture. After the first submission, however, Hedden and Ording
discovered several counterexamples to his conjecture in [2].
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